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Abstract 

The Ramsey number r(H) of a graph H is the minimum positive integer N such that every two- 
coloring of the edges of the complete graph Kn on N vertices contains a monochromatic copy of H. 
A graph H is d-degenerate if every subgraph of H has minimum degree at most d. Burr and Erdos 
in 1975 conjectured that for each positive integer d there is a constant Cd such that r(H) < can 
for every d-degenerate graph H on n vertices. We show that for such graphs r(H) < 2 Cd%/1 ° s ™n, 
improving on an earlier bound of Kostochka and Sudakov. We also study Ramsey numbers of 
random graphs, showing that for d fixed, almost surely the random graph G(n,d/n) has Ramsey 
number linear in n. For random bipartite graphs, our proof gives nearly tight bounds. 

1 Introduction 

For a graph H, the Ramsey number r(H) is the least positive integer N such that every two-coloring 
of the edges of complete graph Km on N vertices contains a monochromatic copy of H. Ramsey's 
theorem states that r{H) exists for every graph H. A classical result of Erdos and Szekeres, which is a 
quantitative version of Ramsey's theorem, implies that r(K n ) < 2 2n for every positive integer n. Erdos 
showed using probabilistic arguments that r(K n ) > 2 n / 2 for n > 2. Over the last sixty years, there 
has been several improvements on these bounds (see, e.g., [9j). However, despite efforts by various 
researchers, the constant factors in the above exponents remain the same. 

Determining or estimating Ramsey numbers is one of the central problem in combinatorics, see the 
book Ramsey theory |16j for details. Besides the complete graph, the next most classical topic in this 
area concerns the Ramsey numbers of sparse graphs, i.e., graphs with certain upper bound constraints 
on the degrees of the vertices. The study of these Ramsey numbers was initiated by Burr and Erdos 
in 1975, and this topic has since placed a central role in graph Ramsey theory. 

A graph is d-degenerate if every subgraph has a vertex of degree at most d. In 1975, Burr and Erdos 
[6] conjectured that, for each positive integer d, there is a constant c(d) such that every d-degenerate 
graph H with n vertices satisfies r{H) < c(d)n. An important special case of this conjecture for 
bounded degree graphs was proved by Chvatal, Rodl, Szemeredi, and Trotter [8]. 

Another notion of sparseness was introduced by Chen and Schelp [7J. A graph is p-arrangeable if 
there is an ordering v\ , . . . , v n of the vertices such that for any vertex Vi , its neighbors to the right of 
V{ have together at most p neighbors to the left of Vi (including Vi). This is an intermediate notion of 
sparseness not as strict as bounded degree though not as general as bounded degeneracy. Extending 
the result of [S] , Chen and Schelp proved that there is a constant c(p) such that every p-arrangeable 
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graph H on n vertices has Ramsey number at most c(p)n. This gives linear Ramsey numbers for 
planar graphs and more generally for graphs that can be drawn on a bounded genus surface. This 
result was later extended by Rodl and Thomas [22], who showed that graphs with no if p -subdivision 
are p 8 -arrangeable. 

Here we introduce a notion of sparseness that is closely related to arrangeability. The main reason 
for introducing this notion is that it turns out to be more useful for bounding Ramsey numbers. A 
graph H is (d, A) -degenerate if there exists an ordering v±, . . . , v n of its vertices such that for each Vi, 

1. there are at most d vertices Vj adjacent to Vi with j < i, and 

2. there are at most A subsets S C {v±, . . . , v{\ such that S = N{vj)C\{v\, . . . , vi) for some neighbor 
Vj of Vi with j > i, where the neighborhood N(vj) is the set of vertices that are adjacent to Vj. 

From the definition, every (d, A)-degenerate graph is ci-degenerate, and every graph with maximum 
degree A is (A, A)-degenerate. More interesting but also very simple to show is that every (d, A)- 
degenerate graph is (A(d — 1) + l)-arrangeable, and every p-arrangeable graph is (p, 2 P ~ ^-degenerate 
(see Lemmas 14.11 and 14.21) . 

While the conjecture of Burr and Erdos is still open, there has been considerable progress on 
this problem recently. Kostochka and Rodl [19] were the first to prove a polynomial upper bound on 
the Ramsey numbers of (i-degenerate graphs. They showed that r(H) < c^n 2 for every ci-degenerate 
graph H with n vertices. A nearly linear bound of the form r(H) < 2 Cd ( logn ) 2ti/(2ti+1) n was obtained 
by Kostochka and Sudakov [20] . In [12], the authors proved that r(H) < 2 c<iv/log?1 n for every bipartite 
ci-degenerate graph H with n vertices. Here we show how to use the techniques developed in [11] to 
generalize this result to all (i-degenerate graphs. 

Theorem 1.1 For each positive integer d there is a constant Cd such that every (d, IS) -degenerate graph 
H with order n satisfies r{H) < 2 Cd ^ log A n. In particular, r(H) < 2 Cd ^ logn n for every d-degenerate 
graph H on n vertices. 

This result follows from Theorem 12. 11 which gives a more general bound on the Ramsey number which 
also incorporates the chromatic number of the graph H. 

We next discuss Ramsey numbers and arrangeablity of sparse random graphs. The random graph 
G(n,p) is the probability space of labeled graphs on n vertices, where every edge appears independently 
with probability p = p(n). We say that the random graph possesses a graph property V almost surely, 
or a.s. for brevity, if the probability that G(n,p) has property V tends to 1 as n tends to infinity. 
It is well known and easy to show that if p = d/n with d > fixed, then, a.s. G{n,d/n) will have 
maximum degree (log n/ log log n). Moreover, as shown by Ajtai, Komlos, and Szemeredi [3], for 
d > 1 fixed, a.s. the random graph G{n,d/n) contains a subdivision of K p with p almost as large as 
its maximum degree. Therefore one cannot use known results to give a linear bound on the Ramsey 
number of G(n,d/n). Here we obtain such a bound by proving that the random graph G{n,d/n) a.s. 
has bounded arrangeability. 

Theorem 1.2 There are constants c\ > C2 > such that for d > 1 fixed, a.s. the random graph 
G(n,d/n) is c\d 2 -arrangeable but not C2d 2 -arrangeable. 

Theorem II .21 is closely related to a question of Chen and Schelp, who asked to estimate the proportion 
of d-degenerate graphs which have bounded arrangeability. The following is an immediate corollary 
of this theorem and the result of Chen and Schelp. 
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Corollary 1.3 For each d>l, there is a constant Cd such that a.s. the Ramsey number of G(n,d/n) 
is at most Cdn. 

One would naturally like to obtain good bounds on the Ramsey number of G(n,d/n). To ac- 
complish this, we prove a stronger version of Theorem 11.21 showing that for d > 300 a.s. G(n, d/n) 
is (16d, 16<i)-degenerate. We also modify a proof of Graham, Rodl, Rucihski, to prove that there 
is a constant c such that for every (d, A)-degenerate H with n vertices and chromatic number q, 
r(H) < (cf rf A) clog<? n. In the other direction, it follows from a result of Graham, Rodl, and Rucihski 
|14j that a.s. G(n, d/n) has Ramsey number at least 2 cd n for some absolute positive constant c. From 
these results we get the following quantitative version of Corollary 11.31 

Theorem 1.4 There are positive constants c±,C2 such that for d>2 and n a.s. 

2 cid n < r(G(n,d/n)) < 2 cadlog5 ' d n. 

In the case of random bipartite graphs, we can obtain nearly tight bounds. In another paper, 
Graham, Rodl, and Rucihski [15] adapt their proof of a lower bound for Ramsey numbers to work also 
for random bipartite graphs. The random bipartite graph G(n, n,p) is the probability space of labeled 
bipartite graphs with n vertices in each class, where each of the n 2 edges appears independently with 
probability p. 

Theorem 1.5 There are positive constants c%,C2 such that for each d > 1 and n a.s. 

2 Cld n< r(G(n,n,d/n)) < 2 C2d n. 

The rest of this paper is organized as follows. In the next section we present a proof of Theorem 
12.11 which implies Theorem 11.11 on the Ramsey number for (d, A)-degenerate graphs. In Section [3j we 
prove another bound on Ramsey numbers for (d, A)-degenerate graphs which is sometimes better than 
Theorem 12.11 In Section 21 we prove results on the random graphs G(n,d/n) and G(n,n,d/n). The 
last section of this paper contains some concluding remarks. Throughout the paper, we systematically 
omit floor and ceiling signs whenever they are not crucial for the sake of clarity of presentation. We 
also do not make any serious attempt to optimize absolute constants in our statements and proofs. 
All logarithms in this paper are base 2. 

2 Proof of Theorem 11.11 

The main result of this section is the following general bound on Ramsey numbers. 

Theorem 2.1 There is a constant c such that for < 5 < 1, every (d, A) -degenerate graph H with 
chromatic number q and order n satisfies 

r{H) < 2 cq3 " d / 5 A cS n. 

Note that a greedy coloring shows that every ci-degenerate graph has chromatic number at most 
d + l. Theorem 11.11 follows from the above theorem by letting 5 = 1/yTog A. 

The first result that we need is a lemma from [12] whose proof uses a probabilistic argument known 
as dependent random choice. Early versions of this technique were developed in the papers [T3 ] [T8 ] [24] . 
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Later, variants were discovered and applied to various Ramsey-type problems (see, e.g., [20 ], [2] [25 | [T2] . 
and their references). We include the proof here for the sake of completeness. Given a vertex subset 
T of a graph G, the common neighborhood N(T) of T is the set of all vertices of G that are adjacent 
to T, i.e., to every vertex in T. 

Lemma 2.2 If e > and G = (Vi,V2',E) is a bipartite graph with \V\\ = |Vj>| = N and at least eN 2 
edges, then for all positive integers t,x, there is a subset A C V2 with \ A\ > e 2t N/2 such that for all 
but at most 2e~ 2t (f ) 2< (^) t-sets S in A, we have \N(S)\ > x. 

Proof. Let T be a subset of 2t random vertices of V±, chosen uniformly with repetitions. Set 
A = N(T), and let X denote the cardinality of A C V^. By linearity of expectation and by convexity 
of f(z) = z 2 \ 

ELY] = £ O-^-Y = N- 2t £ |iV(,)| 2t > iV 1 - 2 * ( E ^ iV(u)l ) 2 ' > e 2t N. 



Let Y denote the random variable counting the number of t-sets in A with fewer than x common 



neighbors. For a given t-set S, the probability that S is a subset of A is ( ^ ) . Therefore, we 



have 

E[Y] < 



N\ fx- l x 2 ' 



iV 

Using linearity of expectation, we have 



E 



■ ELY] y _ E[x]/2 

2E[y] L J/ 



> 0. 



Therefore, there is a choice of T for which this expression is non negative. Then 

\A\ = X > -ELY] > ^e 2 *iV 

and 

^-2tfx\ 2t (N 



Y < 2YE[F]/E[Y] < 2NE[Y]/E[X] < 2e~ M [— j 

completing the proof. □ 
We use this lemma to deduce the following: 

Lemma 2.3 For every 2 -edge- coloring of Kjy and integers t > q > 2 there is a color and nested 
subsets of vertices A\ C . . . C A q with \ Ai\ > 2~ 4tq N such that the following holds. For each i < q, all 
but at most 2 4t q y 2t N~ t subsets of Ai of size t have at least y common neighbors in Ai + \ in this color. 



Proof. For j £ {0,1}, let Gj denote graph of color j. Let B\ = V(Kjy). We will pick subsets 
B\ D B2 D . . . D FSiq-i such that for each i G [2q — 3], we have |-Bi+i| > \Bi\/2 2t+2 and there is a color 
c(i) G {0, 1} such that there are less than (8y 2 /|i?j|) t-sets S C -Bi+i which have less than y common 
neighbors in Bi in graph G c ^y 

Having already picked Bi, we now show how to pick c(i) and Bi + \ . Arbitrarily partition B{ into two 
subsets Bi t i and Bi^ of equal size. Let c(i) denote the densest of the two colors between and B^- 



4 



By LemmaOwith e = 1/2, there is a subset B i+1 C B i>2 C jB» with > 2" 2 *" 1 | J B ii2 | = 2" 2 *" 2 |5i| 

such that for all but at most 

2 - 224 {\it\) 2t C^' 2 ') - 23t y 2t \ R ^ = 

t-sets S C -Bj+i, <S has at least y common neighbors in Bi in graph G c uy 

We have completed the part of the proof where we constructed the nested subsets B\ D . . . D B 2q - 2 
and the colors c(l), . . . ,c(2q - 3). Notice that |-B 2 ,_ 2 | > 2-^ 2t+2 ^ 2q -^ N > 2~ itq+6 N. So for all but 
at most 

{8y 2 /\Bi\y < {2 u ^y 2 /N) t < 2 u2 iy 2t N- t 

t-sets S C Bi + i, S has at least y common neighbors in Bi by color c(i). Since the sets B\ D . . . D B 2q - 2 
are nested, this also implies that that for all but at most 2 q y 2t N~ t t-sets 5 C -Bj+i, 5" has at least 
y common neighbors in Bj in graph G c ^ for each j < i. 

By the pigeonhole principle, one of the two colors is represented at least q — 1 times in the sequence 
c(l), . . . ,c(2q — 3). We suppose without loss of generality that is this popular color. Let A q = B\, 
ij denote the j th smallest positive integer such that c(ij) = 0, and A q ~j = Bi j+ i for 1 < j < q — 1. 
By the above discussion, it follows that A\ C . . . A q , \A\\ > \B 2q _ 2 \ > 2~ 4t2q N, and, for each positive 
integer i < q, all but at most 2 4t ly^N -1 subsets of Ai of size t are adjacent to at least y vertices in 
Ai + \ in graph Go- This completes the proof. □ 

The previous lemma shows that in every 2-edge-coloring of the complete graph Kn there is a 
monochromatic subgraph G and large nested vertex subsets A\ C ... C A q such that almost every 
t-set in Ai has large common neighborhood in Ai + \ in graph G. The next lemma is the most technical 
part of the proof. It says that if a graph G has such vertex subsets A\ C . . . C A q , then for 1 < i < q 
there are large subsets Vi C Ai such that almost every ci-set in (J^i Vi nas l ar g e common neighborhood 
in Vi. These vertex subsets V\, . . . , V q will be used to show that G contains all (d, A)-degenerate graphs 
on n vertices with chromatic number at most q. 

Lemma 2.4 Let d,q,A>2 be integers and < S < 1. Let t = (3 q - l)d/5 + d, y = 2- 5qt A- 5 N, and 
x = y 4 N~ s . Suppose x > 2t. Let G = (V, E) be a graph with nested vertex subsets A\ C . . . C A q with 
\A\\ > 2~ 4tq N such that for each i, all but at most 2 4 * q y 2t N~ t subsets of Ai of size t have at least y 
common neighbors in Ai + \. Then there are vertex subsets Vi C Ai for 1 < i < q such that \ Vi\ > x and 
the number of d- sets in IJ^i Vl with fewer than x common neighbors in Vi is less than (2A) -d Q). 

Proof. We will first pick some constants. Let ro = t and for 1 < j < q, let tj = 2 ■ 3 q ~ :) d/5 and 
rj = rj_i — tj = (3 q ~ J — l)d/5 + d. In particular, we have r q = d and tj > 2rj. 
Let t 

bi,i = 2q (2x/y) u and b id = 2q (^jj^) b i,j-i for * < J- 

Let 

Co = 2~ t2q y t and cj = 2q 

By the hypothesis of the lemma, we have nested subsets A\ C . . . C A q with \ A\\ > 2~ 4tq N such 
that for each i, all but at most 2 4 * q y 2t N~ t < 2~ l q y t = cq subsets of Ai of size t are adjacent to at 
least y vertices in Ai + \. Let Ai$ = Ai for each i. We will prove by induction on j that there are 
subsets Aij, . . . , A q j for 1 < j < q that satisfy the following properties. 
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1. For 1 < i,j < q , A itj C ^ij-i- 



2. For < j < I < i < q, A ej C A itj . 

3. \Aij\ > y for all i > j and \Aij\ > 2x — ti for i < j. 

4. For each i < j, the number of rj-sets in IJ^i that have less than 2x — ti common neighbors 
in Aij is at most bij. 

5. For j < i < q, the number of rj-sets in Aij with less than y common neighbors in is at 
most Cj. 

It is easy to see that the desired properties hold for j = 0. Assume we have already found the 
subsets Aij-i for 1 < i < q. We now show how to pick the subsets Aij. Pick a subset Sj of Aj j—i of 
size tj uniformly at random. We will let Aij = H X(Sj) for i / j and Ajj = -Ajj-i \ Sj. 

Let be the random variable that counts the number of rj-sets in U^j with at most 2x — tj 
common neighbors in Ajj. Equivalently, Xj is the number of rj-sets in U^j Aej with at most 2x 
common neighbors in Ajj—i. The number of rj-sets in U^j -^j'-i i s a t mos t (^)) an d the probability 
that a given r^-set i? C U^j ^j-i with at most 2x common neighbors in A/j-i is also contained in 
[Ji-^jAf j is at most ( ^ x )/ By linearity of expectation, we have 

For i < j, let Y^j be the random variable that counts the number of rj_i-sets containing Sj in 
[Je^i Aij-i with less than 2x — ti common neighbors in Aij-i. Since the number of rj__i-sets in 
U^i^j-i that have less than 2x — ti common neighbors in is at most &i,j-i, then 

Note that Aij is disjoint from Sj for each £. So if T is a subset of {J^Aej with cardinality rj, 
then T is disjoint from Sj and so T U Sj is a subset of U^j^J-i with cardinality rj + tj = rj_i 
satisfying 

|iV(T u ^) n ^,j_!| = |iV(T) n iV(Sj) n = |W(T) n A itj \. 

Hence, Yij is also an upper bound on the number of rj-sets in Aej with less than 2x — ti common 
neighbors in Aij. 

For j < i < q, let Zij be the random variable that counts the number of rj_i-sets in ^4j,j-i that 
contain Sj and have less than y common neighbors in ^4j + ij_i. Since Cj_i is an upper bound on the 
number of rj_i-sets in ^4j,j-i that have less than y common neighbors in Ai+ij_i and Sj C Ajj-i C 
Aij-i, then 

E[Zy] < 7^70 I < ( ! f i ) t3 = Ci/2g. 
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Since A^j is disjoint from Sj, if T C Aij has cardinality rj, then T U Sj C ^4ij-i has cardinality 
r i + *j = r i-i anc ^ satisfies 

\N(T u Sj) n A i+ld ^\ = \N(T) n iV(Sj) n = |iV(T) n A mj |. 

Hence, Zjj is an upper bound on the number of subsets of Aij of size rj with less than y common 
neighbors in Ai + ±j. 

For i < j, let Fij be the event that every rj_i-set in Ajj-i containing Sj has less than 2x — ti 
common neighbors in Aij—i. The number of rj_i-sets in Aj j—i with less than 2x—ti common neighbors 
in Aij-i is at most 6j,j-i. The number of subsets of Ajj-i of size rj-i containing a fixed subset of 
size tj is ^ A J ,j ~]\j tj ) and there are ( rj t _1 ) subsets of size tj in an rj_i-set. Hence, the number of tj-sets 
in Aj j—i for which every rj_i-set in Ajj—i containing it has less than 2x — ti common neighbors in 
Aij -i is at most 

( y) , 

\ Tj-X-tj J 

Since there are a total of ('^fr 1 ') possible tj-sets in Ajj-i that can be picked for Sj and |Ajj_i| > y, 
then the probability of event Fjj is at most 



C*/) u (\ A 3,3-A\ 1 ^ r /-l ( r i-l-*j) ! *j ! i r, ! *j , -r 7 x . 



< l ! !, r l>,, : t' !, 1 ■!>,, II ^ 

i<e<j-i 



«"y- r '- 1 2?(2x/y)*'(^) J] 2q( r A 



i<e<j- 

,.. \ *«+iH l"*j-i 

< t**i/- r i-i (2g) 9 (2x/y)* 1 iV r * ( - J 

= (2tf (2qy (x/yf {N/y) ri r^" 1 < t % {2qf (x/yf (N/y) r * 

= t 3t '(2q) q {N/y) n - 3U < t 3t '(2q) q (2 5tq )~ 5U/2 < — , 

2q 

where we used t = ro > r± . . . > r q , rj_i = tj + rj and tj > 2rj for 1 < j < q. 

If there is an rj_i-set T in ^4j,j-i containing Sj with at least 2x — ti common neighbors in ^4jj-i, 
then Sj has at least 2x — ti common neighbors in Aj-i an d \ A i,j\ = l^jj-i ^ -^('S'j)l > 2x — tj. 
Therefore, if \Aij\ < 2x — ti, then event Fij occurs. 

Let Gj be the event that every rj_i-set in Ajj^i containing Sj has less than y common neighbors 
in Aj + ij-i. The number of rj_ i-sets in ^4j,j-i that have less than y common neighbors in Aj+ij-i is 
at most Cj-\. The number of subsets of A/j-i of size Tj-\ containing a fixed set of size tj is ^ A J: j ~ 1 }j tj ) 
and there are ( Tj t ~ 1 ) subsets of size tj in an rj_i-set. Hence, the number of tj-sets in ^4j,j-i for which 
every rj_i set in Ajj-i containing it has less than y common neighbors in Aj+ij-i is at most 

a 1 ) 
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Since there are a total of i^ Aj ' t { possible tj-sets in Ajj-i that can be picked for Sj and |A,-j_i| > y, 
then the probability of event Gij is at most 

ft 1 ) (lAjj-^y 1 Tj-i (rj-i-tj)! tj\ _ r j _ 1 t j . _ r ._ 1 

: '.)''•'' A /, ,/ - ' (y/2)^-i-% ' (y/2)^ ' Cj '" 1 " ^' HJ ° j 1 



^=i v y / €=1 



< t 2t 2- t2 «(2^V'- 1 t t < t 4 *2- i2( ? < — , 

2g 

where we used i = ro > ri . . . > r q and rj_i = tj + r^. 

If there is an rj_i-set T in ^4jj-i containing Sj with at least y common neighbors in Aj + \ j—i, then 
Sj has at least y common neighbors in Aj+ij-i and | + 1 , ^ | = \Aj + ij-i Pi N(Sj)\ > y. Therefore, if 
| Aj+i j | < y, then event Gj occurs. 

Note that each of the discrete random variables Xj,Y iy j, are non negative. Markov's inequality 
for non negative random variables says that if X is a non negative discrete random variable and c > 1 , 
then the probability that X > cE[X] is less than ^. So each of the following five types of events have 
probability less than ^ of occurring: 

1. Fi j with i < j, 

2. Gj, 

3. Xj > 2qE[X j ], 

4. Y itj > 2qK[Yij} with i < j, 

5. Zij > 2qE[Zij] with j < i. 

Since there are a total of j — 1 + 1 + 1+ j — 1 + q — j = q + j < 2q events of the above five types, there 
is a positive probability that none of these events occur. Hence, there is a choice of Sj for which none 
of the events F^j occur, the event Gj does not occur, 

Xj < 2qE[Xj] < bjj, Yij < 2qE[Y l:j } < b jyj for i < j, and Z i:j < 2qE[Z iy j] < Cj for j < i. 

Recall that Aij = Aij-iC\N(Sj) Hi ^ j and Ajj = Aj t j-i\Sj. Hence Aij C -Aij-i for 1 < i, j < q, 
which is the first of the five desired properties. By the induction hypothesis, Agj_i C ^4ij-i for 
j — 1 < £ < i, and so for j < £ < i, Agj = Agj-i l~l N(Sj) C -Ajj-i H N(Sj) = Aij, which is the second 
of the desired properties follows. 

Note that \Aij\ > 2x — U for % < j since Fjj does not occur, and \Ajj\ = \Ajj-i\ —tj>y — tj > 
2x — tj. For i > j, since -Aj+ij C . . . C A q j and event Gj does not occur, then \Aij\ > > y. 

This demonstrates the third of the five desired properties. The upper bounds on Xj and the Yi j shows 
the fourth desired property and the upper bound on the Z^j shows the fifth desired property. Hence, 
by induction on j, the Aij have the desired properties. 
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We let Vi = Ai tQ for 1 < i < q. For each i, we have \Vi\ > 2x — ti > x and all but less than bi iq 
d-sets in U^i Vl have at least x common neighbors in Vi. To complete the proof, it suffices to show 
that bi A < (2A)~ d (^). Using t = tq > r\ . . . > r q = d, n~i = t j + rj and ti > 2r« for 1 < i < q, we 
have 

k, q = k 4 J] b -^ = 2 q (2x/yf( N ) [J 2gfe) i " 1 <(2^(2x/^iV-(^)" +1+ '" + * g 

i<l<q-l *' £ i<£<q-l ^ y ' \ y ' 

= {2q) q {2x) U y r *- r i-iN n rf +1+ '" +tq = (2q) q 2 u r T ^ d x u y d ~ T ^N n < 2 qtu x u y^' 1 N u 
= 2 qtti x d (y 4 N~ 3 y'~ d y d ~ Ti ~ 1 N ri = 2 qtti x d (y/N) sti ~ 5d ~ Ti = 2 qtti x d (2~ 5qt A~ s ) 3ti ~ 5d ~ ri 

< 2 qtu x d 2- 5qtu A- 2d = 2- Aqtu A~ 2d x d < (2A)~ d Q . □ 

We now present the proof of Theorem 12.11 Given a 2-coloring of the edges of Kn with N > 
2 25 i 3qd / s A 4<5 n we must show that it contains a monochromatic copy of every (d, A)-degenerate graph 
H with n vertices and chromatic number q. Using Lemmas 12.31 and 12.41 (with y = 2~ 5tq A~ s N and 
t < 3 q d/5), we can find vertex subsets V%, . . . ,V q , each of cardinality at least 

x = (y/NfN = (2- 5qt A~ 5 ) A N > 2 5qt n > An, 

and a monochromatic subgraph G of the 2-edge-coloring such that for each i the number of d-sets 
S C [J^Ve with fewer than x common neighbors in Vi is less than (2A) -rf Q). Then the following 
embedding lemma shows that G contains a copy of H and completes the proof. 

Lemma 2.5 Let H be a (d, A) -degenerate graph with n vertices and chromatic number q. Let G be 
a graph with vertex subsets V\, . . . ,V q such that for each i, \Vi\ > x > 4n and the number of d-sets 
S C {Ji^Vi with fewer than x common neighbors in Vi is less than (2A) _rf Q). Then G contains a 
copy of H. 



Proof. Call a d-set S C U«j ^ good with respect to i if |iV(5) n Vi\ > x, otherwise it is bad with 
respect to i. Also, a subset S C U^i Ve with |5| < d is good with respect to i if it is contained in less 
than (2A)l s l _rf ( d _ :! j jg |) d-sets in (J^ ^ which are bad with respect to i. A vertex v £ Vk with k ^ i is 
bad with respect to i and a subset S C U^i Vl with \S\ < d if S is good with respect to i but S U {v} 
is not. Note that, for any subset S C ^ with \S\ < d that is good with respect to i, there are at 
most ver ti ces that are bad with respect to S and i. Indeed, if not, then there would be more than 

X /( 2A ) ^A\\S\+l-df X \ ^ rnA\\S\-d{ x 



d-\S\ 



^ isi+i - d G-i5i-i)^ 2A)l5hd G-i5i) 



subsets of IJ^iVi of size d containing S that are bad with respect to i, which would contradict S 
being good with respect to i. 

Since H is (d, A)-degenerate, it has an ordering of its vertices {v%, . . . ,v n } such that each vertex 
Vk has at most d neighbors V£ with I < k and there are at most A subsets S C {v i, . . . , Vk} such that 
S = N(vj) n {yi, . . . ,Vk} for some neighbor Vj of Vk with j > k. Since H has chromatic number q, 
there is a partition U\ U . . . U U q of the vertex set of H such that each Ui is an independent set. For 
1 < J ' < n, let r(j) denote the index r of the independent set U r containing vertex vj. Let N~(vk) be 
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all the neighbors vt of v k with i < k. Let = {v\, . . . , Vh}. An embedding of a graph H in a graph 
G is an injective mapping / : V(H) — > V(G) such that (f(vj),f(vk)) is an edge of G if (vj,v k ) is an 
edge of -ff. In other words, an embedding / demonstrates that H is a subgraph of G. We will use 
induction on h to find an embedding / of H in G such that for 1 < i < q, f(Ui) C Vi and for every 
vertex v k and every /i£ [n], the set f{N~(v k ) n L^) is good with respect to r(k). 

By our definition, the empty set is good with respect to each i, 1 < i < q. We will embed 
the vertices of H by increasing order of their indices. Suppose we are embedding Vh- Then, by the 
induction hypothesis, for each vertex v k , the set f(N~(v k ) n Lh-\) is good with respect to r(k). Since 
the set /(JV"(f)/,)nLf,_i) = f(N~(vh)) is good with respect to r(h), it has at least x common neighbors 
in V r (hy Also, there are at most A subsets S C for which there is a neighbor Vj of vh with j > h 
such that Lh n N(vj) = S. So there are at most A sets f(N~(vj) n L^-i) where Uj is a neighbor of 
and j > h. Note that r(j) ^ r(h) for Vj a neighbor of with j > /i. By the induction hypothesis each 
such set f(N~(vj) n is good with respect to r(j), so there are at most A^ = x/2 vertices in 

V r (h) which are bad with respect to at least one of the pairs f(N~(vj) n L^i) and r(j). This implies 
that there at least x — x/2 — (h—1) > x/4 vertices in V t qa in the common neighborhood of f(N~(vh)) 
which are not occupied yet and are good with respect to all the above pairs f(N~(vj) H L^i) and 
r(j). Any of these vertices can be chosen as f(vh). When the induction is complete, f(vh) is adjacent 
to f(N~(vh)) for every vertex Vh of H. Hence, the mapping / provides an embedding of H as a 
subgraph of G. □ 



3 Another bound for Ramsey numbers 

The following theorem is a generalization of a bound by Graham, Rodl, and Rucihski |14j on Ramsey 
numbers for graphs of bounded maximum degree. The proof is a minor variation on their proof. 

Theorem 3.1 The Ramsey number of every (d, IS) -degenerate H with n vertices and chromatic num- 
ber q satisfies r{H) < (2 7d+8 d 3d+2 A) logq n. 

We will need the following lemma. The edge density between a pair of vertex subsets W\,W2 of a 
graph G is the fraction of pairs (wi,W2) £ W\ x W2 that are edges of G. 

Lemma 3.2 Let e > and H be a (d, A) -degenerate graph with n vertices and chromatic number q. 
Let G be a graph on N > Ae~ d qn vertices. If every pair of disjoint subsets Wi, W2 C V{G) each with 
cardinality at least ^e d A~ 1 q~ 2 N has edge density at least e between them, then G contains H as a 
subgraph. 

Proof. Let v%, . . . , v n be a (d, A)-degenerate ordering for H. Let Lj = {v%, . . . ,Vj}. Let V{H) = 
U\ U . . . U Uq be a partition of the vertex set of H into q color classes which are independent sets. For 
i > j, let N(i,j) = N(vi) n Lj denote the set of neighbors Vh of Vi with h < j and dij = \N(i,j)\. 
Arbitrarily partition V(G) = V\ U . . . U V q into q subsets of size N/q. We will find an embedding 
/ : V(H) -» V(G) of H such that if Vi G U k , then f( Vi ) G V k . For 1 < i < n and u< G U k , let T ij0 = V k . 
We will embed the vertices v±, . . . , v n of H one by one in increasing order. We will prove by induction 
on j that at the end of step j, we will have vertices f(v{),...,f(vj) and sets Tjj for i > j such that 

\TiJ > e d ^\T ifi \ = e d ^N/q > e d N/q 
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and the following holds. For h,£ < j, (f(vh), f(vi)) is an edge of G if (vh,Vi) is an edge of H, and for 
i > j and Vi S Uk, is the subset of Vk consisting of those vertices adjacent to f(v p ) for every vertex 
v p £ N(i,j). In particular, we have that if > j are such that lie in the same independent 

set Uk and N(i,j) = N(i',j), then ly = Ti'j. Note that any vertex in Tjj \ {/(vi), • • • , f(vj)} can be 
used to embed V{. 

The base case j = for the induction clearly holds. Our induction hypothesis is that we have 
vertices f(vi), . . . , f{vj-\) and sets Ty-i for i > j — 1 with |Tjj_x| > e di - j ~ 1 N/q such that if (/u/i, f^) 
is an edge of -ff and h,£ < j, then (f(vh),f{vi)) is an edge of G, and if (vf^vi) is an edge of H 
with h < j < I, then f{vh) is adjacent to every element of TJjj-i. It is sufficient to find a vertex 
£ Tj J _i\{/(fi), . . . , such that for each adjacent to with i > j, the number of elements 

of adjacent to to is at least e|Tjj_i|. Indeed, if we find such a vertex w, we let /(uj) = w and 

for i > j, we let = N(w) n Tj ,_i if is adjacent to i>j in iJ and otherwise Ti j = Tij~x, which 
completes step j. For vi adjacent to vj with i > j, let JQj denote the set of vertices in Tjj_i with less 
than e|Tjj_i| neighbors in li^—i. If there is a Xjj with cardinality at least ^aI^j'j- 1 !' t nen letting 
W\ = Xij and W2 = Tij-i, the edge density between W\ and W2 is less than e and Wi, W2 each have 
cardinality at least ^e d A~ 1 q~ 2 N, contradicting the assumption of the lemma. So each of the sets Xij 
have cardinality less than ^aI^j'j-iI- 

Since H is (d, A)-degenerate, there are at most A vertex subsets S C Lj with Vj £ S for which 
there is a vertex V{ with i > j and N(i,j) = S. As we already mentioned, if > j — 1 are such 
that lie in the same independent set Uk and N(i,j — 1) = N(i',j — 1), then Tij-i = Tj'j_i. If 

furthermore are neighbors of Uj, then Xij = Xy j. Since there are q sets Uk and at most A sets 

S C Lj with Uj G 5 for which there is a vertex with i > j and N(i,j) = S, then there are at most 
qA distinct sets of the form Xij. Hence, at least 

\Tj,j-i\ ~ qA^T^ - (j - 1) > \\T jd ^\ -n> ^q^N -n>n 

vertices uu € Tj,j-i can be chosen for f(vj), which by induction on j completes the proof. □ 

We now mention some useful terminology from [11] that we need before proving Theorem 13. 1[ For 
a graph G = (V, E) and disjoint subsets W\, . . . ,W t C V, the density da(Wi, . . . , W t ) between the 
t > 2 vertex subsets W\ , . . . , Wt is defined by 

d G (W u ...,W t ] 

If 1^1 = ... = \W t \, then 



d G (Wx, . . . , W t ) = Q da(Wi, Wj). 



Definition 3.3 For a, p,e G [0, 1] and positive integer t, a graph G = (V, E) is (a, p, e, t)-sparse if 
for all subsets U C V with \U\ > a\V\, there are disjoint subsets Wi, ■ ■ ■ ,Wt C U with \W\\ = . . . = 
\W t \ = \p\U\] and d G (Wi, . . . ,W U ) < e. 

By averaging, if a' > a, p' < p, e' > e, t' < t, and G is (a, p, e, t)-sparse, then G is also (a' , // , e',t')- 
sparse. To prove Theorem l3.lt we use the following simple lemma from |llj . 
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Lemma 3.4 /77]/ If G is (a, p,e/4,2)-sparse, then G is also 1 a,2 1 h p h ,e,2 h J -sparse for each 

positive integer h. 

For this paragraph, let e = 32 ^ rf , x = 4e~ d Aq 2 , and y = (2x) los9 . Note that Lemma [32] demon- 
strates that if a graph G on N > xn vertices does not contain a (d, A)-degenerate graph H with order n 
and chromatic number q, then G is (xn/N, x , e, 2)-sparse. By Lemma [3.41 with a = xn/N, h = log q, 
p = 1/x, this implies that if a graph G on iV > yn vertices does not contain a (d, A)-degenerate 
graph H with order n and chromatic number q, then G is (yn/iV, 4e, g)-sparse. Hence, as long as 
iV > yn, then there are vertex subsets W\, . . . , Wg of G with the same size which is at least N/y such 
that dc(Wi, . . . , W q ) is at most 4e. Consider a red-blue edge-coloring of with 

JV = (2 7d+8 d M+2 Ay° g9 n > 8 (8^ 2 (32^ 2 ) d Ay° g9 n = 8 {se~ d Aq 2 ^^ n = 8yn, 

where we use the fact that the chromatic number q of a d-degenerate graph satisfies q < d + 1 < 2d. 
If the red graph does not contain H, then there are disjoint subsets W\, . . . , W q of V(-Kjv) each with 
the same cardinality which is at least y~ 1 N > 8n such that d G ^(W\, . . . , W q ) is at most 4e, where 
G(R) denotes the graph of color red. Hence, the total number of red edges whose vertices are in 
different Wis is at most 4eq 2 \ W\ \ 2 . For each W{, delete those \Wi\/2 vertices of W% which have the 
largest number of neighbors in [Jj^i Wj in the red graph, and let Yi be the remaining vertices of Wi. 

Notice that |Yj| = |Wj|/2 > 4n and every vertex of Yi is in at most 8eq' 2 1 | = red edges with 
vertices in Uj^i smce otherwise the number of edges between Wi \ Yi and Uj^i Wj is more than 
\Wi \ Yi\8eq 2 \Wi\ = Aeq 2 \W\\ 2 , contradicting the fact that the number Yli<j e (Wi> Wj) of edges with 
vertices in different subsets is at most 4eq 2 \ W\ \ 2 . Therefore, applying the following lemma to the blue 
graph, there is a monochromatic blue copy of H, completing the proof of 13.11 

Lemma 3.5 Suppose H is a d-degenerate graph with n vertices and chromatic number q. If G is a 
graph with disjoint vertex subsets Y±, ... ,1^ with \Yi\ = . . . = \Y q \ > 4n such that each vertex in Yi is 
adjacent to all but at most ^ vertices ofUj^Yj, then H is a subgraph of G. 

Proof. Let vi,...,v n be an ordering of the vertices of H such that for each vertex Vi, there are at 
most d neighbors Vj of Vi with j < i. Let V(H) = TJ\ U . . . U U q be a partition of the vertex set of H 
into independent sets. We will find an embedding / : V{H) — > V{G) of H such that if Vi £ Uk, then 
f{vi) £ Yfc. We will embed the vertices v±, . . . ,v n of H one by one in increasing order. Suppose we 
have already embedded v%,..., and we try to embed Vi G Uk- Consider a vertex Vj adjacent to Vi 
with j < i. We have Vj ^ Uk since Uk is an independent set. Therefore, f(vj) ^ Yk and is adjacent to 
all but at most vertices in Yk. Since there are at most d such vertices Vj adjacent to Vi with j < i, 
then there are at least \Yk\ — d^- — (i — 1) = ^ — (i — 1) > n vertices in Yk \ {f(vi), . . . , 
which are adjacent to f(vj) for all neighbors Vj of Vi with j < i. Since any of these vertices can be 
chosen for f(v j), this completes the proof by induction. □ 

4 Random graphs 

In this section we discuss arrangeability of sparse random graphs. Our results imply linear upper 
bounds on Ramsey numbers of these graphs. We start the section with two simple lemmas relating 
(d, A)-degeneracy with p-arrangeability. 
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Lemma 4.1 // a graph is (d, A) -degenerate, then it is (A(d — 1) + \)-arrangeable. 

Proof. Let v\, . . . ,v n be a (d, A)-degenerate ordering of the vertices of a graph G. Then for each 
i, there are at most A subsets S, each of cardinality at most d, such that S = N(vj) n {v±, . . . ,Vi} 
for some neighbor Vj of u, with j > i. Therefore, for any vertex Vi, its neighbors to the right of Vi 
have together at most A(d — 1) + 1 neighbors to the left of u$ (including Uj), and so the graph G is 
(A(<i — 1) + l)-arrangeable. □ 

Lemma 4.2 //a graph is p-arrangeable, then it is (p,2 p ~ 1 ) -degenerate. 

Proof. Let v±, . . . ,v n be a p-arrangeable ordering of the vertices of a graph G. For any vertex V{, 
its neighbors to the right of have together at most p neighbors to the left of Vi (including Vi). Let 
N(j, i) denote the set vt of neighbors of Vj with k < i. For every neighbor Vj of Vi with j > i, the 
set N(j,i) lies in a set of size p that contains Uj, so there are at most 2 P_1 such sets N(j,i). Let 
be the neighbor of Vj which has maximum index i < j. Then using the p-arrangeability property 
for Vi, we get that the number of neighbors of Vj in {vi, . . . ,Vj} is \N(j,i)\ < p. Hence, the ordering 
demonstrates that G is (p, 2 p_1 )-arrangeable. □ 

We prove for d > W that a.s. the random graph G(n, d/n) is 256d 2 -arrangeable. This follows 
from Lemma 14.11 and Theorem 14.81 below which says that for d > 10 a.s. G(n,d/n) is (16d, 16d)- 
degenerate. Theorems 14.81 and 13.11 together imply Theorem 11.41 which says that G(n,d/n) almost 
surely has Ramsey number at most 2 cdlog d n, where c is an absolute constant. Since the random 
bipartite graph G(n,n,d/n) is a subgraph of G(2n,d/n), Theorem 14.81 implies that almost surely 
G(n, n, d/n) is (32d, 32<i)-degenerate. Together with Theorem 12 .11 this proves Theorem ll.5( which says 
that G(n,n,d/n) almost surely has Ramsey number at most 2 cd n, where c is an absolute constant. 

The ordering of the vertices of G(n,d/n) used to prove Theorem 14.81 is a careful modification of 
the ordering by decreasing degrees. Let A be the set of vertices of degree more than 16d. It is easy to 
show that a.s. A is quite small. We then enlarge A to a set F(A) that we show has the property that 
no vertex in the complement of F(A) has more than one neighbor in F(A) and a.s. |.F(j4)| < 4\A\. 
Since |.F(.A)| is small enough, a.s. any set with size 1-^(^4) | (so, in particular, the set F(A) itself) is 
sparse enough that the subgraph of G(n,d/n) induced by it is (2, 3)-degenerate. We first order the 
set F(A) and then add the remaining vertices of G(n, d/n) arbitrarily. We use this vertex order to 
demonstrate that a.s. G(n,d/n) is (16d, 16<i)-degenerate. 

Before proving Theorem 14.81 we need several simple lemmas. 

Lemma 4.3 Almost surely there are at most 2 A ~ 8d n vertices of G(n,d/n) with degree larger than 16d. 

Proof. Let A be the subset of s = 2 4_8rf n vertices of largest degree in G = G(n, d/n) and D be the 
minimum degree of vertices in A. So there are at least sD/2 edges that have at least one vertex in 
A. Consider a random subset A' of A with size |A|/2. Every edge which contains a vertex of A has 
a probability at least 1/2 of having exactly one vertex in A' . This can be easily seen by considering 
the cases that the edge lies entirely in A and that the edge has exactly one vertex in A. So there is 
a subset A' C A of size \A\/2 such that the number m of edges between A' and V(G) \ A' satisfies 
m > sD/A = \A'\D/2. 
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We now give an upper bound on the probability that D > lQd. Each subset A' of G(n, d/n) of size 
s/2 has probability at most 

*<"- *>) W nr < (=)"' <<w" < (£)" < (^) m < 2-- 



m 



of having at least m > (s/2)(16d)/2 = 4sd edges between A' and V(G) \ A'. Therefore the probability 
that there is a subset A' of size s/2 which has at least Asd edges between A' and V(G) \ A' is at most 

completing the proof. □ 

Lemma 4.4 If a graph G = (V, E) of order n has less than |n edges, then it contains a vertex of 
degree at most one or contains a vertex of degree two whose both neighbors have degree two. 

Proof. Suppose for contradiction that G has minimum degree at least 2 and there is no vertex of 
degree 2 whose both neighbors have degree two. Let V\ C V be those vertices with degree 2 and 
V2 = V \ V\ be those vertices of degree at least 3. Let x = \V\\. Since every vertex in V\ has degree 
at least two and every vertex in V2 has degree at least three, then the number of edges of G is at least 
2x+3(n x) _ 3n _ x _ gj nce we assume d that every vertex of degree two has at most one neighbor with 
degree two, then the subgraph of G induced by V\ has maximum degree at most one. Therefore, V\ 
spans at most x/2 edges. Since the vertices in V\ have degree 2, then the number of edges of G with at 
least one vertex in V\ is 2x — e(Vi) > |x. Hence, the number of edges of G is at least max — |, 
Regardless of the value of x, this number is always at least a contradiction. □ 

Lemma 4.5 If for r,s> 1, every subgraph of a graph G = (V, E) has a vertex with degree at most 
one or a vertex with degree at most s all of whose neighbors have degree at most r, then G is (s,r+ 1)- 
degenerate. 

Proof. Pick out vertices v n , v n -i, . . . , v\ one by one such that for each j, in the subgraph of G induced 
W V \ {v n ,v n -i, . . . , Vj + ±}, the vertex Vj has degree at most one or it has degree at most s and all 
of its neighbors have degree at most r. Let Lj = {v±, . . . ,Vj}. Note first that this ordering has the 
property that each vertex Vj has at most s neighbors Vi with i < j since its degree in the subgraph of 
G induced by Lj is at most s. Let Ni(vj) be those vertices with k > j that are adjacent to Vj and 
have a neighbor in I>j-\- The cardinality of N\(vj) is at most r since otherwise the vertex Vh £ Ni(yj) 
with the largest index h has at least two neighbors in Lh and has a neighbor Vj G Lh which has degree 
more than r in L/,, contradicting how we chose v^. The vertices with k > j that are adjacent to Vj 
and have degree one in the subgraph of G induced by satisfy N(vk) n Lj = {vj}. Therefore, for 
each j, there are at most r + 1 sets S C Lj for which S = N(vk) n Lj for some vertex Vk adjacent to 
Vj with k > j. Hence, this ordering shows that G is (s, r + l)-degenerate. □ 

Lemma 4.6 Almost surely every subgraph G' of G(n,d/n) with t < (5d)~ 9 n vertices has average 
degree less than 9/4. 
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Proof. Let S be a subset of size t with t < (5d) 9 n. The probability that S has at least m = |i 

ed ges is at most {{^^) {d/n) m . Therefore, by the union bound, the probability that there is a subset of 
size t with at least m = |t edges is at most 

Summing over all t < (5d)~ 9 n, one easily checks that the probability that there is an induced subgraph 
with at most (5d)~ 9 n vertices and average degree at least 9/4 is o(l), completing the proof. □ 

For a graph G = (V, E) and vertex subset S C V, let F(S) denote a vertex subset formed by 
adding vertices from V \ S with at least two neighbors in S one by one until no vertex in V \ F(S) 
has at least two neighbors in F(S). It is not difficult to see that F(S) is uniquely determined by S. 

Lemma 4.7 Almost surely every vertex subset S of G(n,d/n) with cardinality t < (5<i)~ 10 n has 
\F(S)\<At. 

Proof. Suppose not, and consider the set T of the first At vertices of F(S). By definition, the number 
of edges in the induced subgraph by T is at least 2(\T\ — |5|) > ||T|, so the average degree of this 
induced subgraph is at least 3. But Lemma Ei~o1 implies that a.s. every induced subgraph of G(n,d/n) 
with at most At vertices has average degree less than 3, a contradiction. □ 

Theorem 4.8 For d > 10, the graph G(n,d/n) is almost surely (16d, 16(f)- degenerate. 

Proof. Let A be the (5d)~ 10 n vertices of largest degree in G(n,d/n). Since (5d)" 10 n > 2 A ~ 8d n 
for d > 10, by Lemma 14. 3( a.s. all vertices not in A have degree at most 16d. By Lemma 14. 7\ a.s. 
\F(A)\ < A\A\. By Lemmas SSI EES and S31 a.s. the subgraph of G induced by F(A) is (2,3)- 
degenerate. Let vi, . . . ,v\f(A)\ be an ordering of F(A) that respects the (2, 3)-degeneracy. Arbitrarily 
order the vertices not in F(A) as v\pr^\\ + 1, . . . ,v n . Let Lj = {vi, . . . ,Vj}. We claim that this is the 
desired ordering for the vertices of G(n,d/n). Consider a vertex Uj. If i < \F(A)\, then V{ has the 
following three properties: 

• there are at most two neighbors Vj of Vi with j < i, 

• there are at most three subsets S C Li for which there is a neighbor Vh of Vi with i < h < \F(A)\ 
and N(vh) H = S, and 

• every neighbor Vf. of Vi with k > \F(A)\ has N(vk) D Li = {vi}. 

If i > \F(A)\, then Vi has maximum degree at most 16d. Therefore, this ordering demonstrates that 
G(n,d/n) is a.s. (16d, 16(i)-degenerate, completing the proof. □ 

We next prove Lemma 14.111 which completes the proof of Theorem 11.21 and says that for d > 300 
a.s. G(n,d/n) is not d 2 /144-arrangeable. 
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Lemma 4.9 Let p = d/n with d > 300. Almost surely every pair A,B of disjoint subsets of G(n,p) 
of size at least n/6 have at least p\A\\B\/2 edges between them. 

Proof. Let s = n/6. If there are disjoint subsets A,B each of size at least s which have less than 
p|A||i?|/2 between them, then by averaging over all subsets A' C A and B' C B with | ^4' | = \B'\ = s, 
there are subsets A' C A and B' C B with \A'\ = \B'\ = s and the number of edges between A' and 
B' is at most p\A'\\B'\/2. 

Using the standard Chernoff bound (see page 306 of [3]) for s 2 independent coin flips each coming 
up heads with probability p = d/n, the probability that a fixed pair of disjoint subsets A',B' of 
G(n,d/n) each of size s have less than ps 2 /2 edges between them is at most 

e -(ps 2 /2) 2 /(2ps 2 ) _ e -V78. 

The probability that no pair of disjoint subsets A',B' each of size s have less than ps 2 /2 edges 
between them is at most 

C) { n y) e ~ ps2/8 - (t) 2s e ~ ps2/8 = ( 6e - e ~ d/96 ) 2s= ° (i) - 

So a.s. every pair of disjoint subsets A, B each with cardinality at least n/6 have at least p|j4||S|/2 
edges between them. □ 

Lemma 4.10 In G(n,d/n) with d = o(n 1/,e ), a.s. no pair of vertices have three common neighbors. 

Proof. A pair of vertices together with its three common neighbors form the complete bipartite 
graph i^2,3- Let us compute the expected number of K2.3 in G(n, d/n). We pick the vertices and then 
multiply by the probability that they form i^2,3- So the expected number of -^2,3 is 

2) ( n ~ 3 3 )(d/nf<n"(d/nf=o(l), 
which implies the lemma. □ 
Lemma 4.11 For d > 300, almost surely G(n,d/n) is not d 2 /144-arrangeable. 

Proof. Suppose for contradiction that G(n,d/n) is cP/144-arrangeable, so there is a corresponding 
ordering vi,...,v n of its vertices. Let Vi = {ui}i<„/ 3 , V 2 = {vi} n / 3<i < 2 n/3, and V 3 = {vi} 2n /3<i<n- 
Delete from V3 all vertices that have fewer than ^|Vi|/2 = d/6 neighbors in Vi, and let be the 
remaining subset of V3. Note that a.s. |V^'| > n/3 — n/6 = n/6 since otherwise V3 \ V 3 ' and V\ each 
have cardinality at least n/6 and have fewer than ^ | V3 \ V r 3 / ||Vi|/2 edges between them, which would 
contradict Lemma 14.91 Delete from V 2 all vertices that have fewer than ^lV^'l/2 neighbors in V%, and 
let V2 be the remaining subset of V 2 . Note that \V^\ > n/3 — n/6 = n/6 since otherwise V 2 \ V^' and 
each have cardinality at least n/6 and have fewer than ^\V 2 \ V 2 \ \ V s '\/2 edges between them, which 
would contradict Lemma 14.91 Pick any vertex v S V^. Vertex v has at least ^lV^I/2 > <i/12 neighbors 
in V 3 '. Let U = {u±, . . . ,u r } denote a set of r = d/12 neighbors of v in V 3 '. Let d(ui) denote the 
number of neighbors of Uj in V\ and d(ui,Uj) denote the number of common neighbors of U{ and Uj in 
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V\. Note that for each m G U, d(ui) > d/6. Also, by Lemma f4. 101 d(ui,Uj) < 2 for distinct vertices 
m, Uj. By the inclusion-exclusion principle, the number of vertices in V\ adjacent to at least one vertex 
in U is at least 

d{ Ui ) - ^2 d(ui,Uj) > rd/6 - (H 2 > d V 144 - 

l<i<r l<i<j<r ^ ' 

Hence, a.s. G(n, d/n) is not d 2 /144-arrangeable. □ 



5 Concluding Remarks 

In this paper we proved that for fixed d, the Ramsey number of the random graph G(n,d/n) is a.s. 
linear in n. More precisely, we showed that there are constants c\,c% such that a.s. 

2 Cld n < r (G(n, d/n)) < 2^°^ d n. 

We think that the upper bound can be further improved and that the Ramsey number of the random 
graph G(n, d/n) is a.s. at most 2 cd n for some constant c. 

There are many results demonstrating that certain parameters of random graphs are highly con- 
centrated (see, e.g., the books H7]). Probably the most striking example of this phenomena is a 
recent result of Achlioptas and Naor [1] . Extending earlier results from [231 [2T] , they demonstrate that 
for fixed d > 0, a.s. the chromatic number of the random graph G(n, d/n) is kd or k^ + 1, where kj is 
the smallest integer k such that d < 2klogk. We don't think the Ramsey numbers of random graphs 
are nearly as highly concentrated. However, it would be interesting to determine if there is a constant 
Cd > for each d > 1 such that the random graph G(n, d/n) a.s. has Ramsey number (c^ + o(l)) n. 
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